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Open string fluctuations in AdS5ÃS5 and operators with a large R charge
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A semiclassical string description is given for correlators of Wilson loops with local operators inN54
supersymmetric Yang-Mills theory in the regime when operators carry a parametrically largeR charge. The
operator product expansion coefficients of the circular Wilson loop in chiral primary operators are computed to
all orders in thea8 expansion in AdS53S5 string theory. The results agree with field-theory predictions.
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I. INTRODUCTION

String states with large quantum numbers are semicla
cal and consequently are simple even in highly curved ba
grounds. This fact has proven extremely useful in the con
of the holographic duality between type IIB strings
AdS53S5 and N54 supersymmetric Yang-Mills~SYM!
theory @1# and has led to an elegant string description
sectors of large spin or largeR charge in SYM theory@2,3#.
This description goes beyond the strong-coupling superg
ity limit and can be compared to perturbative SYM theory
weak coupling@2–7#. The string states with a largeR charge
correspond to excitations of closed point-like strings t
carry a large angular momentum in S5 @3#. The purpose of
the present paper is to study how these states couple to
open string sector, which is dual to Wilson loops in SY
theory @8–10#. Although open strings can also rotate inS5,
their angular momentum never becomes large@11#. To make
contact with the limit of the largeR charge, I will exploit the
fact that any Wilson loop contains, as a composite opera
an admixture of states with any quantum number. It is natu
to expect that the expansion coefficients of a Wilson loop
operators with a largeR charge will have some kind of sem
classical string description.

The standard operator product expansion~OPE! of a Wil-
son loop@12,13# is defined as

W~C!5^W~C!&( cARDAOA~0!, ~1!

whereOA(0) is an operator evaluated at the center of
loop, DA is the conformal dimension ofOA(x), andR is the
radius of the loop (R will be set to 1 in what follows!. The
dimensionless coefficientscA depend on the shape of th
contourC and, in the large-N limit, on the ’t Hooft coupling
l5gY M

2 N. To start with, I will consider a specific case of th
circular Wilson loop and of its expansion coefficients in t
chiral primary operators. Then I will give some more gene
results in Sec. V. The operators of interest are

OJ5
~2p!J

AJlJ/2
trZJ, ~2!
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whereZ5F11 iF2. These operators haveR chargeJ and
dimensionD5J, and play an important role in the plana
wave limit of the AdS conformal field theory~CFT! corre-
spondence@2#. The reason to choose the circular loop is tw
fold. First, there are a lot of explicit results for the circul
loop on the string side of AdS/CFT duality@13–15#. Second,
the invariance of the circular loop operator under certain
perconformal transformations@16# partially protects it from
gaining quantum corrections@17#. An expectation value of
the circular loop@18,17# and some of its OPE coefficient
@19# can be exactly calculated by resumming Feynman d
grams that survive supersymmetry cancellations. In part
lar, the weights with which operators~2! appear in the circu-
lar Wilson loop are known@19#:

cJ~l!5
1

2
AJl

I J~Al!

I 1~Al!
. ~3!

Here, I J(x) are modified Bessel functions. Some of the
properties are listed in Appendix A. This expression is b
lieved to be exact in the large-N limit.

In string theory, OPE coefficients of a Wilson loop me
sure an overlap of the boundary state associated with
loop with the closed string state associated with the lo
operator. The overlap can be computed in the supergra
approximation@13#, which corresponds to taking the limit o
large l in Eq. ~3!. Further expansion in 1/Al should be
equivalent to the semiclassical~or a8) expansion in string
theory. The purpose of the present paper is to go beyond
supergravity limit directly in the AdS53S5 string theory and
to extend the semiclassical approximation for OPE coe
cients to all orders ina8 for operators with largeR chargeJ.
Before going into details, let me illustrate on a simple e
ample how large quantum numbers can modify a semicla
cal expansion.

II. A TOY MODEL

Consider the integral

^fn&5

E Dffne2(1/\)S(f)

E Dfe2(1/\)S(f)

, ~4!
-
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and suppose that\ is small. The integral is then dominate
by a saddle point of the action:S8(fcl)50. The semiclassi-
cal expansion is generated by shiftingf5fcl1A\j and ex-
panding inj:

^fn&5fcl
n 1

n~n21!

2!
\^j2&fcl

n22

1
n~n21!~n22!~n23!

4!
\2^j4&fcl

n241•••. ~5!

It is clear that the semiclassical expansion breaks downn
is sufficiently large, because the expansion parameter is
really \, but \n2. The semiclassical series can be eas
resummed in the double-scaling limit when\ goes to zero
and n goes to infinity withnA\ held fixed. Simplifications
occur because loops are suppressed by extra powers of\ and
only tree diagrams survive the double-scaling limit~Fig. 1!.
It is easy to show that the relevant tree diagrams expone
ate:

^~fcl1A\j!n&5fcl
n K S 11

A\n2

fcln
j D nL

→fcl
n K expSA\n2

fcl
j D L

Gauss

. ~6!

The Gaussian average can be easily computed:

^fn&'fcl
n expS \n2

2fcl
2

D D , ~7!

whereD5@S9(fcl)#21 is the propagator ofj. To facilitate
the double-scaling limit, it is convenient to setf5fcle

z

from the start and to treatz as a Gaussian fluctuation.
The parameter of the semiclassical expansion in A

string theory is 1/Al, which plays the role of the sigma
model couplinga8 and is analogous to\ of the toy model.
The counterpart ofn is theR chargeJ. The toy model sug-
gests thatJ2/Al is an expansion parameter of thea8 expan-
sion and that the expansion breaks down atJ;l1/4.

Let us now expand the exact OPE coefficient~3! in pow-
ers of 1/Al:

cJ~l!5
1

2
AJlS 12

J221

2Al
1

J424J213

8l
1••• D . ~8!

FIG. 1. The semiclassical expansion of^fn& to orderO(\2).
The first two diagrams are of order\n2 and\2n4, respectively. The
loop corrections~c! and ~d! are of order\2n2 and are down by a
factor of n2 compared to~a! and ~b!.
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This has precisely the same form as Eq.~5! and, indeed,
J2/Al emerges as a parameter of the strong-coupling exp
sion. Moreover, the series exponentiate in the double-sca
limit of large J and largel:1

cJ~l!'
1

2
AJl expS 2

J2

2Al
D . ~9!

These observations suggest that the large-J limit of OPE is
described by the double-scaling limit of thea8 expansion in
the AdS53S5 sigma model.

There is another way to take the limit of largen in the toy
model. Its counterpart in string theory closely follows Poly
kov’s approach@20# to string amplitudes with large angula
momentum.2 The idea is to treat an operator insertionfn on
an equal footing with the action, that is, to minimizeW(f)
5S(f)2\n ln f instead ofS(f). The expectation value
then takes the form̂fn&'exp(2f(\n)/\), which clearly as-
sumes thatn;\21. In the AdS/CFT context, this translate
into the Berenstein-Maldacena-Nastase~BMN! scaling J
;Al, which leads to the plane wave limit of AdS53S5 ge-
ometry in the closed-string sector@2#. Does the BMN limit
make sense for the OPE coefficients~3!? A simple calcula-
tion ~see Appendix A! shows that it does and that OPE c
efficients indeed have the expected exponential form in
limit:

cJ} exp$2Al@12Aj 2112 j ln ~Aj 2112 j !#%, ~10!

wherej 5J/Al. Whenj goes to zero, this expression reduc
to Eq.~9!. Again, there is strong evidence that the BMN lim
of OPE coefficients can be computed in the sigma mode
semiclassical techniques.

III. OPE EXPANSION AT LARGE J

The Wilson loop operator which couples to strings
AdS53S5 is defined as@8#

W~C!5
1

N
tr P expF R

C
ds@ iAm~x!ẋm1F i~x!u i uẋu#G ,

~11!

whereu i is a unit six-vector:u251. The OPE coefficients o
this operator can be extracted from the normalized two-po
function

^W~circle!OJ~x!&

^W~circle!&
5

1

N
cJ~l!

1

uxu2J
2J/2YJ~u!1•••,

~12!

where omitted terms correspond to descendants ofOJ and
are suppressed by powers of 1/uxu. A factor of 2J/2 is intro-
duced for later convenience andYJ(u) is the spherical func-
tion associated with the operatorOJ :

1A derivation is given in Appendix A.
2I would like to thank A. Tseytlin for this remark.
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YJ~u!5S u11 iu2

A2
D J

. ~13!

A convenient choice isu i5(1,0, . . . ,0),since then

2J/2YJ~1,0, . . . ,0!51. ~14!

For the two-point function~12!, the free-field approximation
is believed to be exact and gives the result~3! quoted in the
Introduction.

On the string side of the AdS/CFT correspondence, W
son loops are associated with open strings that end on
boundary of AdS53S5. The expectation value of a Wilso
loop is equal to the sigma-model partition function wi
boundary conditions set by the contourC and by the pointu i
in S5:

^W~C!&5E DXmDYDQ iDhabDqad~Q221!

3expF2
Al

4pED
d2sAhhab

3S ]aXm]bXm1]aY]bY

Y2
1]aQ i]bQ i D

1fermionsG . ~15!

Here,qa are world-sheet fermions andy is the AdS scale.3

The boundary of AdS53S5 is at y50.
The chiral primary operators ofR chargeJ are dual to the

Jth Kaluza-Klein ~KK ! modes on S5 of a particular super-
gravity field. The two-point function~12! describes emission
of one such mode by a source at pointx on the boundary of
AdS5, its propagation in the bulk, and subsequent absorp
by the string world-sheet. Whenuxu is large, the supergravi
ton propagator associated with a dimension-J operator be-
haves asyJ/uxu2J. The denominator gives rise to an overa
factor of 1/uxu2J in the correlation function, andYJ can be
regarded as a part of the vertex operator which couples
supergravity mode to the world-sheet. The OPE coefficien
essentially a one-point function of this vertex operator.
other words, it is an overlap of the boundary state associ
with the Wilson loop with the graviton state associated w
the local operator. It is easy to guess which terms in
vertex operator are responsible for enhancement of thea8
expansion at largeJ. Those are the factor ofYJ, which
comes from the supergraviton propagator, andYJ(Q), which
is the wave function of theJth KK mode on S5. These
simple arguments determine the vertex operator up to a
efficient. A more precise form of the vertex operator, inclu
ing all coefficients, was derived in@13#:

3In what follows, the bosonic world-sheet coordinates are deno
by capital letters:Y, Xm, etc.
10502
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cJ52J/2AJl
J11

4p K E d2sAhYJ12YJ~Q!L . ~16!

The averaging over string fluctuations here is determined
the partition function~15!. The above expression still con
tains some approximations@13#: an exact vertex operator i
more complicated; in particular, it contains world-sheet d
rivatives and fermions, but those appear only in the sigm
model loops, so Eq.~16! is sufficient for semiclassical cal
culations.

It is convenient to parametrize the five-sphere by t
anglesc andw and a unit three-vectorn:

u5~cosc cosw,cosc sinw,sincn!, nPS3. ~17!

In this parametrization, the spherical functions read

YJ~c,w,n!522J/2~cosc!JeiJw, ~18!

and the OPE coefficients become

cJ5AJl
J11

4p K E d2sAhYJ12~cosC!JeiJFL . ~19!

At large l, the path integral is dominated by a sadd
point, a minimal surface with a fixed boundary. For a circ
of unit radius, the classical solution is@13,14#

Ycl5z, Xcl
1 5r cosf, Xcl

2 5r sinf,

Ccl50, Fcl50, r 5A12z2. ~20!

In the coordinates (z,f), the induced metric takes the form

gabdsadsb5
1

r 2z2
dz21

r 2

z2
df2. ~21!

Substitution of the classical solution into the expectat
value ~19! gives cJ5AJl/2 @13#, which coincides with the
strong-coupling limit of the OPE coefficient computed
SYM theory ~3!. This result can be improved by taking int
account string fluctuations. In the scaling limitl→`, J
→`, J2/Al fixed, we can repeat the same steps as in
toy model of the previous section, since the expectat
value we need to calculate has essentially the same stru
as Eq.~4!.

The first step is to expand the action of the sigma mo
around the classical solution. We only need the quadratic
of the action, but even that is not very simple, because v
ous fluctuations mix. The diagonalization and expansion
fluctuations in normal modes is a nontrivial problem. For t
circular loop, it was solved in Sec. 5 of@15#. The results that
will be necessary to calculate the OPE coefficients are bri
summarized below. The metric fluctuations are eliminated
imposing a background conformal gauge:hab5exgab ,
d

1-3
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wherex is an arbitrary conformal factor. In the notations
@15#, the world-sheet fields are expanded around the class
solution as follows:

Y5zez4
,

X15~r 1zz1!cosf2zz0 sinf,

X25~r 1zz1!sinf1zz0 sinf.
~22!

We should treatza and all other fields, includingF andC,
as Gaussian fluctuations. The radial fluctuationsz1,z4 mix
and are expanded in normal modes as

z45zz̃42r z̃1, ~23!

z15r z̃11zz̃4. ~24!

The relevant part of the action for normal modes is ve
simple @15#:

S5
Al

4pE d2sAggab@]aF]bF1]az̃4]bz̃412~ z̃4!2#.

~25!

Substituting Eq.~22! into the correlation function~19!, we
get:

cJ5AJl
J11

4p E
0

2p

dfE
0

1

dzzJ^eJ(z41 iF)&Gauss. ~26!

The fluctuations ofC do not contribute to the leading orde
in J, because expansion of (cosC)J in C starts from the
quadratic term and leads to anO(J/Al) correction to the
OPE coefficient, which vanishes in the scaling limit we co
sider. The Gaussian average is defined by the action~25! and
is expressed in terms of standard scalar propagators on
minimal surface:

S 2
1

Ag
]agabAg]b1m2D Gm2~s,s8!5

1

Ag
d~s,s8!.

~27!

Doing the Gaussian integration, we get

^eJ„z4(s)1 iF(s)…&5 lim
s8→s

expFpJ2

Al
@z2G2~s,s8!1r 2G̃~s,s8!

2G0~s,s8!#G , ~28!

whereG̃(s,s8) is the propagator ofz̃1, which will drop out
at the end of the calculation. Individual propagators are s
gular at coinciding points, but the singularities cancel b
tween the AdS5 and the S5 contributions, so the one-poin
function of the vertex operator is finite. It remains to int
grate it over the world-sheet. The integration is, in fa
trivial because
10502
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~J11!E
0

1

dzzJf ~z!5 f ~1!1O~1/J! ~29!

for any smooth function. Because of thezJ factor, the main
contribution comes from the point on the world-sheet tha
farthest from the boundary of AdS5. Sincer[A12z250 at
z51, the propagatorG̃(s,s8) drops out from the final re-
sult:

cJ5
1

2
AJl expS 2

ApJ2

Al
D , ~30!

where

A5 lim
s8→s

@G0~s,s8!2G2~s,s8!#. ~31!

Agreement with the SYM prediction~9! requiresA51/2p.
A simple calculation, which is deferred to Appendix B, giv
precisely the right value forA.

Although calculations have been done only for the circ
an enhancement of the semiclassical expansion atJ;l1/4

must be a generic feature. It is not hard to see that O
coefficients of an arbitrary Wilson loop behave as

aJAl expS 2
ApJ2

Al
D

at largeJ and largel. The constantsaJ andA depend on the
shape of the loop and on a particular choice of local ope
tors.A must be positive, because operators of largeR charge
must be exponentially suppressed in the OPE expansion
cording to quite general arguments@10,21#.

IV. BMN LIMIT OF OPE COEFFICIENTS

WhenJ;Al, the exponent in the vertex operator and t
sigma-model action are of the same order. The integral o
string world-sheets is then dominated by a solution of cl
sical equations of motion with a source term that comes fr
the operator insertion@20#. It is convenient to use an expo
nential parametrization of the AdS radial coordinate:y
5e2p. Then the string action takes the following form in th
conformal gauge:

S5
Al

4pE d2s8@~]P!21e2P~]Xm!21~]C!21cos2C~]F!2#

1JP~s!2 iJF~s!2J ln cosC~s!. ~32!

Not only the path integral over string world-sheets, but a
the integral over the position of operator insertion, is sem
classical, so the action should be minimized with respec
the point of operator insertions, too.

Before going to the general case, let us first consider
solution of the equations of motion atJ50. To find it, we
should transform Eq.~20! to the conformal gauge:
1-4
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Ycl5tanht, Xcl
1 5

cosf

cosht
, Xcl

2 5
sinf

cosht
. ~33!

The induced metric on the minimal surface is conformal
the unit metric in the (t,f) coordinates: ds25(dt2

1df2)/sinh2t. The world-sheet is a semi-infinite cylinde
which is mapped to the hemisphere in the target space.
center of symmetry on the hemisphere corresponds tt
5`.

Returning to the general case of an arbitrary angular m
mentum, we can see that the minimum of the action in
position of operator insertion is reached at the most symm
ric point, when the vertex operator is inserted att5`. Con-
sequently, the minimal surface possesses rotational sym
try at anyJ, not only atJÞ0, and we can take the following
ansatz for the classical string world-sheet:

Y5e2P(t), X15R~t!cosf,

X25R~t!sinf, F5F~t!. ~34!

The azimuthal angle on S5 can be put to zero, becauseC
50 satisfies equations of motion even in the presence of
source. Substituting the ansatz into the action, we get

S5AlH 1

2E0

`

dt@ Ṗ21e2P~Ṙ21R2!1Ḟ2#

1 jP~`!2 i j F~`!J , ~35!

where the overdot denotes the derivative int. The source
term in the action sets boundary conditions at infinity.
understand what exactly these boundary conditions are,
convenient to map the cylinder to a disk by changing co
dinates fromt to r5e2t. The world-sheet metric become
ds2}(dr21r2df2). If a free field with the action normal
ized as in Eq.~32! interacts with a source of strengthJ lo-
calized atr50, it asymptotes2 j ln r at the center of the
disk. The logarithmic singularity on the disk translates in
linear (; j t) growth at infinity on the cylinder. Therefore
the boundary conditions are

R~t!→0, P~t!→2 j t, F~t!→ i j t

~at t→`!. ~36!

Boundary conditions at zero are set by the Wilson loop:

R~0!51, P~0!5`, F~0!50. ~37!

The solution of equations of motion forF is very simple:

F5 i j t. ~38!

It is complex, but becomes real after Wick rotation on t
world-sheet, when the internal metric has the Minkowski s
nature. The solution then describes the rotation along the
circle of S5 with constant angular momentumJ.
10502
he

-
e
t-

e-

e

is
r-

-
ig

The AdS part of the minimal surface is more complicate
The equations of motion which follow from the action~35!
are

P̈2e2P~Ṙ21R2!50, ~39!

R̈12ṖṘ2R50. ~40!

These equations admit two first integrals: the energy ass
ated with translations int and the dilatation charge assoc
ated with the invariance of the action under rescaling of A
coordinates:R→evR, P→P2v. The boundary conditions
fix the values of the conserved charges:

Ṗ21e2P~Ṙ22R2!5 j 2, ~41!

e2PRṘ2 Ṗ5 j . ~42!

The first of these two equations is equivalent to Viraso
constraints: it ensures that the induced metric is conforma
the flat metric. The fact that Virasoro constraints follow fro
the equations of motion and boundary conditions is a con
quence of marginality of the vertex operator.

The equations of motion can be easily integrated:

Y5e2P5ej t@Aj 211 tanh~Aj 211t1j!2 j #,

R5
Aj 211ej t

cosh~Aj 211t1j!
, ~43!

where

j5 ln ~Aj 2111 j !. ~44!

The solution describes a surface of revolution in AdS5,
which terminates on the boundary and which has an infin
spike that goes down to the horizon. The spike descri
emission of the external supergravity state.

There are several subtleties in evaluating the action on
classical solution~43!. The action potentially diverges a
both limits of integration. The UV divergence att5` can-
cels between the AdS5 and the S5 contributions. Here again
the marginality of the vertex operator plays a crucial role.
particular, the boundary terms are finite:

lim
t→`

@ jP~t!2 i j F~t!#52 j ln ~Aj 2112 j !. ~45!

The action also diverges att50. This divergence is assoc
ated with the singularity of the metric at the boundary
AdS5. Such divergences are well known and are well und
stood @8,14#. The correct way to deal with them is ver
simple: the divergence should be regularized and then s
tracted. In the present case, we do not even need to do
subtraction, because the divergence cancels against the
malization factor, which is given by the classical action
j 50. Intermediate calculations still require a regularizatio
which can be implemented by imposing a lower bound
the integration variablet at some small but finite«.
1-5
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Using the conservation of energy~41!, we get for the bulk
part of the action

Sbulk5AlW~ j ! ~46!

with

W~ j !5
1

2E«

`

dt~ j 212e2PR21Ḟ2!5E
«

`

dt
R2

Y2
. ~47!

The integrand here is a total derivative. The easiest wa
see it is to introduce

B[2
Ṙ

R
5Aj 211 tanh~Aj 211t1j!2 j . ~48!

The equations of motion imply that

R2

Y2
5

Ḃ

B2
.

So

W~ j !5
1

B~«!
2

1

B~`!
.

Since

B~«!5«2 j «21•••

and

B~`!5Aj 2112 j ,

we get

W~ j !2W~0!512Aj 211. ~49!

Collecting together all contributions, Eqs.~45!, ~46!, and
~49!, we obtain

Scl5Al@12Aj 2112 j ln ~Aj 2112 j !#. ~50!

The OPE coefficients are determined by the classical ac
up to an overall factor of order 1:

cJ5const•exp~2Scl!. ~51!

This coincides with the field-theory prediction~10!.

V. PERTURBATIVE REGIME

The two scaling limits discussed in the previous sectio
are related—the large-J limit with J;l1/4 can be reproduced
from the BMN limit J;Al, by taking j [J/Al small. What
happens in the opposite regime of largej ? If j were the only
parameter in the problem, increasingj could be achieved
either by raisingJ or by loweringl. In the latter case, the
limit of large j would correspond to the weak-coupling r
gime, which could be confronted with SYM perturbatio
theory. Comparison with perturbation theory makes sens
10502
to
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large angular momentum alone can suppress quantum
tuations of the world-sheet, without any assumptions ab
the string tension. Otherwise,l should still be large for the
semiclassical approximation to work, and then compariso
perturbation theory makes no sense. The perturbative reg
seems to be within the reach of the semiclassical approxi
tion in the closed string sector@2–7#. The analysis below
gives some indications that this is true for open strings
well.

The shape of the classical world sheet~43! strongly de-
pends on the angular momentum~Fig. 2!. At small j, the
world-sheet deviates very little from the solution without
operator insertion, except in the close vicinity of the orig
where the world-sheet degenerates into an infinite, nar
tube that describes emission of the supergravity mode.
width of the tube grows withj, and the world-sheet become
almost a perfect cylinder at largej. Indeed, the scale of varia
tion of R in Eq. ~43! is j at j→`, while the scale of variation
of Y is 1/j , so R is almost constant compared toY. This, in
fact, is a general property which is valid for any Wilson loo
not only for the circle.

For an arbitrary Wilson loopW(C), the minimal surface
can be parametrized by the natural parameters on contourC
@such that (dxm/ds)251] and the ‘‘time’’ variable t. An
asymptotic solution at largej is described by the following
ansatz:

Xm5xm~s!, Y5e2P(t), F5 i j t. ~52!

The ~approximate! time independence ofXm is consistent
with the equations of motion in the sigma model:

]2Xm

]s2
12

]P

]t

]Xm

]t
1

]2Xm

]t2
50. ~53!

The first term is of order 1 atj→`. Assuming that]P/]t
5O( j ), we find that]Xm/]t5O(1/j ) and that the last term
is negligible. The time dependence of the AdS radius is
termined by the equation

]2P

]t2
2e2P50. ~54!

Imposing the boundary conditions we get

Y5
sinh~ j t!

j
. ~55!

FIG. 2. The classical string world-sheet~43! for different values
of angular momentum.
1-6
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This solution is universal. It is the same for any Wilson loo
The classical action can be readily computed:

Sbulk5AlE
«

` dt

Y2
52Al j 1Al

1

«
→2J. ~56!

The 1/« divergence is spurious and should be subtrac
@8,14#. We should also take into account the vertex opera
evaluated on the classical solution: a factor of

~Y~`!!Je2 iJF(`)5~1/j !J.

We get for the correlator

^W~C!OJ~x!&}SAl

J D J

eJ}
lJ/2

J!
~57!

for any smooth contourC.
It is not hard to recognize the leading order of SYM pe

turbation theory in Eq.~57!. Indeed, the Wilson loop opera
tor ~11! should be expanded toJth order in scalar fields to
get a nonvanishing correlator withOJ . The Wilson loop is
an exponential; hence a factor of 1/J! will arise. The lowest-
order diagram of perturbation theory containsJ scalar propa-
gators that connect the Wilson loop with the local opera
Each propagator gives a factor ofl. The operator itself is
proportional tol2J/2, so the correlator̂W(C)OJ(x)& is pro-
portional tolJ/2 to the first nonvanishing order in perturb
tion theory.

VI. REMARKS

The OPE coefficients of the circular Wilson loop can
computed to all orders in SYM perturbation theory and,
large R charges, to all orders in thea8 expansion in AdS
string theory. The results of these calculations comple
agree in two scaling limits,J;l1/4 andJ;l1/2. For the OPE
coefficients, the interpolation between the weak-coupl
and the strong-coupling regimes can be traced on both s
of the AdS/CFT correspondence.

Most interestingly, the perturbative SYM regime seems
be accessible in string theory. The leading order of pertur
tion theory is described by an approximate classical solu
in the AdS sigma model described in Sec. V. In principle,
equations of motion can be solved by iterations starting fr
the solution of Sec. V as the zeroth-order approximation
would be very interesting to understand if the iterative so
tion of the sigma model is equivalent to ordinary planar p
turbation theory. If true, this opens an intriguing possibil
for understanding how planar Feynman diagrams arise
AdS string theory.
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APPENDIX A: THE LARGE- J LIMIT IN FIELD THEORY

The following integral representation of the modifie
Bessel functions is useful in taking the large-J limit:

I J~Al!5
~Al/2!J

ApGS J1
1

2D E21

1

dx~12x2!J21/2eAlx. ~A1!

When l→`, J→`, and J2/Al is fixed, a convenient
change of integration variable ist5Al(x11):

I J~Al!5
l21/4eAl

A2pGS J1
1

2D E0

2Al
dte2ttJ21/2S 12

t

2Al
D J21/2

.

~A2!

The strong-coupling expansion is generated by expand
the last factor int/2Al. At largeJ, the integral is dominated
by t;J, and the expansion breaks down. Instead of expa
ing the last factor, we should replace it by an exponentia

S 12
t

2Al
D J21/2

5S 12
t~J21/2!

2Al~J21/2!
D J21/2

'expF2
t~J21/2!

2Al
G .

The integration overt is then trivial:

I J~Al!'
l21/4eAl

A2p
S 12

J21/2

2Al
D 2(J21/2)

'
l21/4eAl

A2p
expS 2

J2

2Al
D .

Dividing by the large-l asymptotics ofI 1(Al),

I 1~Al!'
l21/4eAl

A2p
,

we get Eq.~9!.
In the BMN limit l→`, J5 jAl, and j is finite. The

integral~A1! can be computed by the saddle-point method
this limit. The integral is dominated by the maximum of

S~x!5Al@x1 j ln ~12x2!#,

which is reached atx[x05Aj 2112 j , and

S~x0!5Al$Aj 2112 j 1 ln@2 j ~Aj 2112 j !#%.

The overall factor in Eq.~A1! also has a well-defined BMN
limit:

~l/2!J

GS J1
1

2D 'const•exp@Al j ~12 ln 2 j !#.
1-7
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Consequently,

I J~Al!}exp$Al@Aj 2111 j ln ~Aj 2112 j !#%. ~A3!

Dividing by the normalization factorI 1 (Al), we get Eq.
~10!.

APPENDIX B: GREEN’S FUNCTIONS

The classical string world-sheet for the circular loop ha
geometry of AdS2. The metric~21! can be put into a more
familiar form by an inversion:

xm→ ~x1x0!m

~x1x0!21z2
, z→ z

~x1x0!21z2
, ~B1!

with x05(1,0,0,0). This transformations maps a hemisph
~20! onto a half planexm5(1/2,u,0,0), 2`,u,`, 0,z
,`, which is an AdS2 subspace of AdS5 with the metric
ds25(dz21du2)/z2.

The scalar propagators in AdS2 are well known@22–24#.
The general result for a scalar field in AdS(d11) with m2

5D(D2d) is @25#
Y

E

ys

he

la

n-

10502
a

e

Gm2~z,u;z8,u8!5
G~D!

2Dpd/2G~D2d/2!~2D2d!
jD

3FS D

2
,
D11

2
;D2

d

2
11;j2D , ~B2!

where

j5
2zz8

z21z821~u2u8!2
. ~B3!

Specifying tod51 and tom250,2, we get

G0~j!5
1

4p
ln S 11j

12j D ~D51!,

G2~j!5
1

4pj
ln S 11j

12j D2
1

2p
~D52!. ~B4!

In the limit of coinciding points,j→1. Therefore,

A5 lim
j→1

@G0~j!2G2~j!#5
1

2p
. ~B5!
na,
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