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Open string fluctuations in AdS;X S° and operators with a large R charge
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A semiclassical string description is given for correlators of Wilson loops with local operatoké=is
supersymmetric Yang-Mills theory in the regime when operators carry a parametricallyRarigarge. The
operator product expansion coefficients of the circular Wilson loop in chiral primary operators are computed to
all orders in then' expansion in AdSx S° string theory. The results agree with field-theory predictions.
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[. INTRODUCTION whereZ=®,;+id,. These operators haw chargeJ and
dimensionA=J, and play an important role in the planar-
String states with large quantum numbers are semiclasswave limit of the AdS conformal field theor§CFT) corre-
cal and consequently are simple even in highly curved backspondencé2]. The reason to choose the circular loop is two-
grounds. This fact has proven extremely useful in the contexfiold. First, there are a lot of explicit results for the circular
of the holographic duality between type IIB strings in loop on the string side of AAS/CFT dualif¢3—15. Second,
AdS; XS and N=4 supersymmetric Yang-MillgSYM) the invariance of the circular loop operator under certain su-
theory [1] and has led to an elegant string description ofperconformal transformatior{46] partially protects it from
sectors of large spin or large charge in SYM theory2,3].  gaining quantum correctiond 7]. An expectation value of
This description goes beyond the strong-coupling supergrawhe circular loop[18,17] and some of its OPE coefficients
ity limit and can be compared to perturbative SYM theory at[19] can be exactly calculated by resumming Feynman dia-
weak coupling2-7]. The string states with a largecharge  grams that survive supersymmetry cancellations. In particu-
correspond to excitations of closed point-like strings thatlar, the weights with which operatofg) appear in the circu-
carry a large angular momentum i? 8]. The purpose of lar Wilson loop are know19]:
the present paper is to study how these states couple to the

open string sector, which is dual to Wilson loops in SYM 1 IJ(\/X)
theory[8—10]. Although open strings can also rotateSp, ci;(N)= Em . 3
their angular momentum never becomes Iditfd. To make I4( VM)

contact with the limit of the larg® charge, | will exploit the

fact that any Wilson loop contains, as a composite operatoklere, 1;(x) are modified Bessel functions. Some of their
an admixture of states with any quantum number. It is naturaproperties are listed in Appendix A. This expression is be-
to expect that the expansion coefficients of a Wilson loop irlieved to be exact in the largg-limit.

operators with a largR charge will have some kind of semi- In string theory, OPE coefficients of a Wilson loop mea-
classical string description. sure an overlap of the boundary state associated with the
The standard operator product expandio®E) of a Wil- loop with the closed string state associated with the local
son loop[12,13 is defined as operator. The overlap can be computed in the supergravity
approximatior{ 13], which corresponds to taking the limit of
W(C)z(W(C))E CARYA04(0), (1) large N in Eq. (3). Further expansion in JA should be

equivalent to the semiclassicér «') expansion in string

. theory. The purpose of the present paper is to go beyond the
where OA(0) is an operator evaluated at the center of the SRS ) 5
loop, A , is the conformal dimension @DA(x), andR is the supergravity limit directly in the AdS< S’ string theory and

radius of the loop R will be set to 1 in what follows The to extend the semiclassical approximation for OPE coeffi-

dimensionless coefficients, depend on the shape of the cients to a_II or_ders I’ _for operators with larg& chargeJ.

. A O€P , pe o Before going into details, let me illustrate on a simple ex-
°°”“§“rc and, in the. IargeN. limit, on the t HO.O.ft coupling ample how large quantum numbers can modify a semiclassi-
A =gyvN. To start with, | will consider a specific case of the expansion.
circular Wilson loop and of its expansion coefficients in the
chiral primary operators. Then | will give some more general

results in Sec. V. The operators of interest are Il. ATOY MODEL
(2m)° Consider the integral
_ J
0;= T LA (2

f D ¢¢ne—(1/ﬁ)5(¢)
(¢")=
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. . . . . . . . This has precisely the same form as E§) and, indeed,
/ . / : '/é * '. J?/\\ emerges as a parameter of the strong-coupling expan-

sion. Moreover, the series exponentiate in the double-scaling

LT f e LT T limit of large J and large:!
a b c d 1 J2
FIG. 1. The semiclassical expansion @") to orderO(%2). CJ()\)wimeXp B 2\/X ' ©)

The first two diagrams are of ordén? and#2n?, respectively. The
loop corrections(c) and (d) are of orderi’n? and are down by a These observations suggest that the lakdignit of OPE is
factor of n? compared tqa) and (b). described by the double-scaling limit of theé expansion in
the AdS;x S° sigma model.
and suppose thdt is small. The integral is then dominated  There is another way to take the limit of largén the toy
by a saddle point of the actio®'(¢)=0. The semiclassi- model. Its counterpart in string theory closely follows Polya-
cal expansion is generated by shiftiig- ¢+ V& and ex-  kov's approach20] to string amplitudes with large angular
panding iné: momentunt. The idea is to treat an operator inserti¢h on
an equal footing with the action, that is, to minimiY¢ ¢)
(M= i+ n(n_l)h<§2>¢“_2 =S(¢)—Anin ¢ instead of S(¢). The expectation value
cl 2! ol then takes the formi¢")~exp(—f(#n)/%), which clearly as-
sumes thah~7% 1. In the AdS/CFT context, this translates
n n(n—1)(n—2)(n—3)ﬁ2<§4>¢n_4+ L (B) into the Berenstein-Maldacena-Nasta@®@MN) scaling J
4! o ' ~ N, which leads to the plane wave limit of AdS S ge-
ometry in the closed-string sectf?]. Does the BMN limit
It is clear that the semiclassical expansion breaks down if make sense for the OPE coefficiei®? A simple calcula-
is sufficiently large, because the expansion parameter is n@lon (see Appendix A shows that it does and that OPE co-
really /2, but 7in®. The semiclassical series can be easilyefficients indeed have the expected exponential form in the
resummed in the double-scaling limit whéngoes to zero |imit:
and n goes to infinity withny7 held fixed. Simplifications
occur because loops are suppressed by extra powérsiod ¢y exp{— VA[1—ViZ+1-jIn(\jZ+1-})]}, (10
only tree diagrams survive the double-scaling liffitg. 1).
It is easy to show that the relevant tree diagrams exponentiwherej =J/\\. Whenj goes to zero, this expression reduces

ate: to Eq.(9). Again, there is strong evidence that the BMN limit
of OPE coefficients can be computed in the sigma model by
An2 \" semiclassical techniques.
(gt VREM = ¢2|< 1+ gf) >
o I1l. OPE EXPANSION AT LARGE J
ﬁ¢2,< ex §)> . (6) The Wilson loop operator which couples to strings in
ba ") Gauss AdS;x S is defined a$8]

The Gaussian average can be easily computed: 1 . . .
W(C)=NtrPex 3& ds[iA,(x)x*+d;i(x) 6'[x|1|,
c

? (11)

n n (ﬁn D
~ X —_—
<¢> ¢C|e p 2¢2

cl

: ()

whereé; is a unit six-vectorg?=1. The OPE coefficients of
this operator can be extracted from the normalized two-point

. L .
whereD=[S"(¢y)] - is the propagator of. To facilitate function

the double-scaling limit, it is convenient to set= ¢ e’

from the start and to tredt as a Gaussian fluctuation. .
The parameter of the semiclassical expansion in AdS (W(cwclg)(%(x)) =£CJ()\)LZJ’2YJ(¢9)+.--,

string theory is 1{\, which plays the role of the sigma- (W(circle)) N |x|?

model couplinge’ and is analogous té of the toy model. (12

The counterpart of is the R chargeJ. The toy model sug-

ests thatl®/\/\ is an expansion parameter of thé expan- o
gion and tha;/:he expanzion bregks dowid -at, 14 P are suppressed by powers ofxl/ A factor of 22 is intro-

Let us now expand the exact OPE coefficiédtin pow- dyced for [ater copvenience aivg( 6) is the spherical func-
ers of TAN: tion associated with the operatér;:

where omitted terms correspond to descendant® pand

2_ 4_ 472
— + )43 +.- 1. (8 1A derivation is given in Appendix A.
2\/X 8\ 2l would like to thank A. Tseytlin for this remark.

cJ<x>=%m 1-
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0,+i16,\" J+1
Y,(60)= lﬁ 2 13 cJ=zJ’2mH<fdzaﬁYJ+2vJ(@)>. (16)
A convenient choice i#'=(1,0, . .. ,0),since then The averaging over string fluctuations here is determined by
the partition function(15). The above expression still con-
292y 4(1,0,...,0=1. (14)  tains some approximatiod43]: an exact vertex operator is

more complicated; in particular, it contains world-sheet de-
For the two-point functior{12), the free-field approximation fivatives and fermions, but those appear only in the sigma-
is believed to be exact and gives the reg8jtquoted in the ~model loops, so Eq(16) is sufficient for semiclassical cal-
Introduction. culations.
On the string side of the AdS/CFT correspondence, Wil- It is convenient to parametrize the five-sphere by two
son loops are associated with open strings that end on trnglesy and ¢ and a unit three-vectar:
boundary of Ad§x S°. The expectation value of a Wilson

loop is equal to the sigma-model partition function with 6= (cosy cosg,cosysing,singn), neSs.  (17)
boundary conditions set by the contdtiand by the poin®,
in S In this parametrization, the spherical functions read
—9—J2 Jaid
(W(C)>=J DXDY DO,;Dh,,D 95(02—1) Yoy ) =27 (cosy) e, (18
and the OPE coefficients become
K (o i
X ex ——f d2ohh?
4mJo J+1 _
cJ=ﬁ4—<fdza\/ﬁY”z(cos‘I')Je'J‘I’>. (19
XX+ 3, Y IpY m
Y At large A, the path integral is dominated by a saddle
point, a minimal surface with a fixed boundary. For a circle
+fermion%_ (15  of unit radius, the classical solution [i$3,14

Yg=2, Xi=rcos¢, Xi=rsing,
Here, 9¢ are world—sheeg fermions andis the AdS scalé.
The boundary of Ad$SX S’ is aty=0.
The chiral primary operators & chargeJ are dual to the Vg=0, ®g=0, r=y1-7°. (20)
Jth Kaluza-Klein (KK) modes on 3 of a particular super-
gravity field. The two-point functioril2) describes emission In the coordinatesz ¢), the induced metric takes the form
of one such mode by a source at patrdn the boundary of
AdS;, its propagation in the bulk, and subsequent absorption 1 r2
by the string world-sheet. Wher| is large, the supergravi- gabdo'ad(rbzﬂdzz—k —2d¢>2. (21
ton propagator associated with a dimensioonperator be- rz z
haves as/’/|x|?’. The denominator gives rise to an overall
factor of 1]x|?’ in the correlation function, and” can be  Substitution of the classical solution into the expectation
regarded as a part of the vertex operator which couples thealue (19) givesc;= JIN/2 [13], which coincides with the
supergravity mode to the world-sheet. The OPE coefficient istrong-coupling limit of the OPE coefficient computed in
essentially a one-point function of this vertex operator. INSYM theory(3). This result can be improved by taking into
other words, it is an overlap of the boundary state associategiccount string fluctuations. In the scaling limit—o0, J
with the Wilson loop with the graviton state associated with—o, J%/\/\ fixed, we can repeat the same steps as in the
the local operator. It is easy to guess which terms in theoy model of the previous section, since the expectation
vertex operator are responsible for enhancement ofathe value we need to calculate has essentially the same structure
expansion at largel. Those are the factor o¥’, which  as Eq.(4).
comes from the supergraviton propagator, &3¢®), which The first step is to expand the action of the sigma model
is the wave function of the)lth KK mode onS°. These around the classical solution. We only need the quadratic part
simple arguments determine the vertex operator up to a caf the action, but even that is not very simple, because vari-
efficient. A more precise form of the vertex operator, includ-ous fluctuations mix. The diagonalization and expansion of
ing all coefficients, was derived i3] fluctuations in normal modes is a nontrivial problem. For the
circular loop, it was solved in Sec. 5 ff5]. The results that
will be necessary to calculate the OPE coefficients are briefly
3In what follows, the bosonic world-sheet coordinates are denotedummarized below. The metric fluctuations are eliminated by
by capital letters¥, X*, etc. imposing a background conformal gaugby,=eXg.p,
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wherey is an arbitrary conformal factor. In the notations of 1
[15], the world-sheet fields are expanded around the classical (J+1) fo dzZf(z)="1(1)+0(14) (29
solution as follows:

y=ze! for any smooth function. Because of te&factor, the main
' contribution comes from the point on the world-sheet that is
X =(r+z¢Y)cosh—2z{°sin g, farthest from the boundary of AdSSincer=1—2?=0 at
z=1, the propagato6(o,a’') drops out from the final re-
X2=(r+z{Ysing+z:%sin¢. sult:
(22)
A : , : 1 AmJ?
We shoulq treat anq all other f|eIQS, |nclud|ng> and‘l{, ch—mexp _ , (30)
as Gaussian fluctuations. The radial fluctuatighg® mix 2 I\
and are expanded in normal modes as
o where
=z, (23)
L A= Iim [Gy(o,0")—Gy(a,0")]. (32
§1:r§1+2§4. (24) o' —o

The relevant part of the action for normal modes is veryAgreement with the SYM predictiofB) requiresA=1/21r.
simple[15]: A simple calculation, which is deferred to Appendix B, gives
precisely the right value foA.
Although calculations have been done only for the circle,
an enhancement of the semiclassical expansiod~ax**
(25 must be a generic feature. It is not hard to see that OPE
coefficients of an arbitrary Wilson loop behave as

S= g f d20\g @R 9, 3, @ + 3,043 4+ 2(742].

Substituting Eq(22) into the correlation functioiil9), we

get: A2

NN

at largeJ and large\. The constanta; andA depend on the
The fluctuations of’ do not contribute to the leading order shape of the loop and on a particular choice of local opera-
in J, because expansion of (c®3’ in ¥ starts from the tors.A must be positive, because operators of ldRgeharge
quadratic term and leads to @(J/\/\) correction to the ~must be exponentially suppressed in the OPE expansion, ac-
OPE coefficient, which vanishes in the scaling limit we con-cording to quite general argumerjts0,21].
sider. The Gaussian average is defined by the a¢#6nand
is expressed in terms of standard scalar propagators on the IV. BMN LIMIT OF OPE COEFFICIENTS
minimal surface:

aj\ exp

J+1 2m 1 40P
CJ:\/ﬁﬁfo d(ﬁfodZZ](eJ(g +|(I)>Gauss (26)

WhenJ~ \, the exponent in the vertex operator and the
sigma-model action are of the same order. The integral over

Gme(o,0")= 75(010')- string world-sheets is then dominated by a solution of clas-
9 sical equations of motion with a source term that comes from

1
- \/—Eaagab\/ﬁaﬁ m?

(27) the operator insertiof20]. It is convenient to use an expo-
Doing the Gaussian integration, we get nential parametrization of the AdS radial coordinage:
=e"P. Then the string action takes the following form in the
S0 _ ]2 ) ) conformal gauge:
(eI @OHP = |im ex W[Z Gy(a,0')+r%G(a,0")
o' —o A\
S= %f d?a’[(9P)?+€?P(aX*)?+ (W) + coSW (9D)?]
_GO(O',O',)] ) (28) .
+JP(0)—iJ®(o)—JIncos¥ (o). (32

whereG(o, o) is the propagator of*, which will drop out  Not only the path integral over string world-sheets, but also
at the end of the calculation. Individual propagators are sinthe integral over the position of operator insertion, is semi-
gular at coinciding points, but the singularities cancel be-<lassical, so the action should be minimized with respect to
tween the Ad$ and the 8 contributions, so the one-point the point of operator insertionr, too.

function of the vertex operator is finite. It remains to inte- Before going to the general case, let us first consider the
grate it over the world-sheet. The integration is, in fact,solution of the equations of motion d&=0. To find it, we
trivial because should transform Eq20) to the conformal gauge:
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, Cos¢ , sing The AdS part of the minimal surface is more complicated.

Yqg=tanhr, X~ coshr’ o= coshr (33 ;rhee equations of motion which follow from the acti¢85)
The induced metric on the minimal surface is conformal to s opio o
the unit metric in the f,¢) coordinates: ds?>=(d? P—e™(R™+R9)=0, (39
+d¢?)/sintfr. The world-sheet is a semi-infinite cylinder, L
which is mapped to the hemisphere in the target space. The R+2PR-R=0. (40)
center of symmetry on the hemisphere corresponds to ) ) o )
—o These equations admit two first integrals: the energy associ-

Returning to the general case of an arbitrary angular moéated w_ith trar!slatic_ms i and the _dilatation charge_: associ-
mentum, we can see that the minimum of the action in théted with the invariance of the action under rescaling of AdS
position of operator insertion is reached at the most symmegoordinatesR—e“R, P—P—«. The boundary conditions
fic point, when the vertex operator is insertedrates. Con- 11X the values of the conserved charges:
sequently, the minimal surface possesses rotational symme- o opita o :2
try at anyJ, not only atJ# 0, and we can take the following P“+e”(R°—R%)=]% (41)
ansatz for the classical string world-sheet: o

e’’RR-P=j. (42)
Y=e P X'=R(7)cosg,
The first of these two equations is equivalent to Virasoro
X2=R(7)sing, ®P=>(7). (34)  constraints: it ensures that the induced metric is conformal to
the flat metric. The fact that Virasoro constraints follow from
The azimuthal angle on®San be put to zero, becaude  the equations of_ mqtion and boundary conditions is a conse-
=0 satisfies equations of motion even in the presence of thduénce of marginality of the vertex operator.

source. Substituting the ansatz into the action, we get The equations of motion can be easily integrated:
1= . _ _ Y=e P=eT\j?+1tanh(\j?+ 17+ &)—j],
S= ﬁ{zf d7[ P2+ e?P(R*+R?)+ ®?]
0 Vj?+1el”
R= = : (43
+1P<oo>—ijc1>(w>], (35 COShNJ™+17+¢)
where
where the overdot denotes the derivativerinThe source - _
term in the action sets boundary conditions at infinity. To E=In(Vj“+1+j). (44)

understand what exactly these boundary conditions are, it is _ . o
convenient to map the cylinder to a disk by changing coor-The solution describes a surface of revolution in 4dS
dinates fromr to p=e~". The world-sheet metric becomes which terminates on the boundary and which has an infinite
ds?oc(dp2+ p2dp?). If a free field with the action normal- spike that goes down to the horizon. The spike describes
ized as in Eq(32) interacts with a source of strengghlo- ~ €mission of the external supergravity state. .

calized atp=0, it asymptotes—j Inp at the center of the There are several subtleties in evaluating the action on the
disk. The logarithmic singularity on the disk translates intoclassical solution(43). The action potentially diverges at
linear (~j7) growth at infinity on the cylinder. Therefore, Poth limits of integration. The UV divergence at can-

the boundary conditions are cels between the AdSand the 8 contributions. Here again,
the marginality of the vertex operator plays a crucial role. In
R(7)—0, P(r)——jr, ®(n)—ijr particular, the boundary terms are finite:
(at 7—). (36) im[jP(H—ij®(n)]=—jIn(Vi?+1-]). (45

Boundary conditions at zero are set by the Wilson loop:
The action also diverges at=0. This divergence is associ-
R(0)=1, P(0)=w, &(0)=0. (370  ated with the singularity of the metric at the boundary of
AdSs. Such divergences are well known and are well under-
The solution of equations of motion fdr is very simple:  stood [8,14]. The correct way to deal with them is very
simple: the divergence should be regularized and then sub-
d=ijr. (38)  tracted. In the present case, we do not even need to do the
subtraction, because the divergence cancels against the nor-
It is complex, but becomes real after Wick rotation on themalization factor, which is given by the classical action at
world-sheet, when the internal metric has the Minkowski sig-j =0. Intermediate calculations still require a regularization,
nature. The solution then describes the rotation along the bigshich can be implemented by imposing a lower bound on
circle of $ with constant angular momentudn the integration variable at some small but finite.
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Using the conservation of ener@gg1), we get for the bulk =0 j=0.1 J=2
part of the action D« i
| I
Spui= VAW(]) (46) [T
with TTT
1(= : = R? {nan) T T
W(j)=§f dT(j2+282PR2+@2)=f dT?. (47) gt o 071

) . o ) FIG. 2. The classical string world-she@B) for different values
The integrand here is a total derivative. The easiest way t@f angular momentum.

see it is to introduce
] large angular momentum alone can suppress quantum fluc-
R - - : tuations of the world-sheet, without any assumptions about
"R Vit L tanh(Vi*+1r+ &) —j. 48 the string tension. Otherwisg, should still be large for the
semiclassical approximation to work, and then comparison to
The equations of motion imply that perturbation theory makes no sense. The perturbative regime
) seems to be within the reach of the semiclassical approxima-
RZ B tion in the closed string sectdg2-7]. The analysis below
ﬁ: E giv:Ts some indications that this is true for open strings as
well.
So The shape of the classical world sh&éé8) strongly de-
pends on the angular momentufRig. 2). At small j, the
. 1 1 world-sheet deviates very little from the solution without an
W(j)= @_ % operator insertion, except in the close vicinity of the origin,
where the world-sheet degenerates into an infinite, narrow
Since tube that describes emission of the supergravity mode. The
width of the tube grows witlj, and the world-sheet becomes
B(e)=e—je’+--- almost a perfect cylinder at largelndeed, the scale of varia-
tion of Rin Eq. (43) isj atj— o, while the scale of variation
and of Yis 1/j, soRis almost constant compared Yo This, in
. . fact, is a general property which is valid for any Wilson loop,
B()=Vj*+1-], not only for the circle.
For an arbitrary Wilson loogW(C), the minimal surface
can be parametrized by the natural paramstan contourC
W(j)—W(0)=1—+j?+1. (49)  [such that dx“/ds)?=1] and the “time” variable 7. An
asymptotic solution at larggis described by the following
Collecting together all contributions, Eq#&45), (46), and  ansatz:
(49), we obtain

Sy= W[1—ViZ+1-jIn(\jZ+1-))]. 50
¢ \/—[ : Jin () ] 50 The (approximate time independence oXK* is consistent

The OPE coefficients are determined by the classical actiowith the equations of motion in the sigma model:
up to an overall factor of order 1:

B

we get

Xt=xMs), Y=e PO d=ijr. (52

PP GP IXH §PXM

cy=constexp(—Sy). (51 P + 25 ar + 2 =0. (53

This coincides with the field-theory predicti¢f0). The first term is of order 1 gt—c. Assuming thawP/ar

=0(j), we find thatoX*/dr=0O(1/j) and that the last term
is negligible. The time dependence of the AdS radius is de-

The two scaling limits discussed in the previous sectiondermined by the equation
are related—the larg&Jimit with J~ A can be reproduced 5
from the BMN limit J~ X, by takingj=J/y/\ small. What E_ezpzo (54)
happens in the opposite regime of laijgelf j were the only 972 '
parameter in the problem, increasipgcould be achieved
either by raisingd or by lowering\. In the latter case, the Imposing the boundary conditions we get
limit of large j would correspond to the weak-coupling re- S
gime, which could be confronted with SYM perturbation v sinh(j 7) (55

V. PERTURBATIVE REGIME

theory. Comparison with perturbation theory makes sense if j

105021-6
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This solution is universal. It is the same for any Wilson loop. APPENDIX A: THE LARGE- J LIMIT IN FIELD THEORY

The classical action can be readily computed: The following integral representation of the modified

Bessel functions is useful in taking the largéimit:

N2)?
|J(\/X):(\/——)

The 1k divergence is spurious and should be subtracted \/;F ‘]+E
[8,14]. We should also take into account the vertex operator 2
evaluated on the classical solution: a factor of

»dr _ 1
Sbulk:\/xj ?:—\/KJ+\/XE—>—J. (56) L
f dx(l—xz)J’llze"Tx. (A1)
1

When N —», J—w, and J¥\\ is fixed, a convenient

(Y())le )= (1/j). change of integration variable fs= VX (x+1):
s _ J-1/2
We get for the correlator ()= AT Vgt I t
NP e ’ a N 1\ Jo 2\ '
A 27| I+ =
<W(C)OJ(X)>“(T> eJ“J—, (57) 4 2 2
’ A2
for any smooth contou€. The strong-coupling expansion is generated by expanding

It is not hard to recognize the leading order of SYM per-ynq |ast factor int/2,\. At largeJ, the integral is dominated
turbation theory in Eq(57). Indeed, the Wilson loop opera- ¢ 3 and the expansion breaks down. Instead of expand-

tor (11) shoulq b.e expanded tdth order in sqalar fields_to ing the last factor, we should replace it by an exponential:
get a nonvanishing correlator wit®?;. The Wilson loop is

an exponential; hence a factor oflLiill arise. The lowest- ( )3—1/2 ( t(J—1/2) )3—1/2
order diagram of perturbation theory contaihscalar propa- 1-——= =l1l-——
gators that connect the Wilson loop with the local operator. 2\ 2&(3_1/2)
Each propagator gives a factor bf The operator itself is
proportional tox ~ %2, so the correlatofW(C)O;(x)) is pro- ~exq — 19-12)
portional tox?? to the first nonvanishing order in perturba- 2N |
tion theory.
The integration ovet is then trivial:
VI. REMARKS \ ~ Lg% J_1/p\ ~O-12
The OPE coefficients of the circular Wilson loop can be |J(\/X)~ \/2— 1- 2\/{
computed to all orders in SYM perturbation theory and, for .
large R charges, to all orders in the’ expansion in AdS N~ UagX p( 72 )
string theory. The results of these calculations completely ~ -—.
agree in two scaling limits]~\'* andJ~\*2. For the OPE V2w 2\

coefficients, the interpolation between the weak-couplin

and the strong-coupling regimes can be traced on both sidd&Viding by the largex asymptotics of (),

of the AdS/CFT correspondence. 4 X
Most interestingly, the perturbative SYM regime seems to I( )~ ATe
be accessible in string theory. The leading order of perturba- ! NP

tion theory is described by an approximate classical solution

in the AdS sigma model described in Sec. V. In principle, thewe get Eq.(9).

equations of motion can be solved by iterations starting from In the BMN limit A — oo, J:j\/X, andj is finite. The
the solution of Sec. V as the zeroth-order approximation. lintegral(Al) can be computed by the saddle-point method in
would be very interesting to understand if the iterative solu-this limit. The integral is dominated by the maximum of
tion of the sigma model is equivalent to ordinary planar per-

turbation theory. If true, this opens an intriguing possibility S(x)=\[x+]jIn(1-x3],
for understanding how planar Feynman diagrams arise in i )
AdS string theory. which is reached at=x,= Jj?+1-j, and
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Consequently, . T'(A) R
2(z,u;z',u')=
(VN ocexp VAT ViZ+1+j In(ViZ+1-))]}.  (A3) el ) 227920 (A —d/2)(2A—d)
Dividing by the normalization factot; (V\), we get Eq. <El 2 A A+l A d .
> +1¢), (B2)
(10). 2" 2 2
APPENDIX B: GREEN’'S FUNCTIONS where
The classical string world-sheet for the circular loop has a i= 2z7 _ (B3)
geometry of Ad$. The metric(21) can be put into a more 2°+7'2+(u—u’)?
familiar form by an inversion: .
Specifying tod=1 and tom?=0,2, we get
o
s (X+Xo) L z | (B1) o)=L 1 1+§ (A=1),
(X+Xg)2+ 22 (X+Xg)2+ 22 0 1-¢
with x,=(1,0,0,0). This transformations maps a hemisphere 1 1+¢ 1
(20) onto a half planex*=(1/2u,0,0), —e<u<w», 0<z Ga(8)= g (1_5) 5. (A=2). (B4)
<o, which is an Ad$ subspace of Adswith the metric
ds?=(dZ2+du?)/Z2. In the limit of coinciding pointsé— 1. Therefore,
The scalar propagators in Ag@re well known[22-24. 1
The genera}l result for a scalar field in AgS;) with m? =liM[Go(&)—G,(&)]= (B5)
=A(A—d) is[25] £l 27
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